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Abstract. All mul4plicativePoissonbracketson theHeisenbcrggroupare classi-
fiedandManingroups[14] correspondingto a wide classofthosebracketsarecon-
stnicted. A geometricquantizationprocedureis applied to theresultingsymplectic
pseudogroupsyieldinga wide classof pre-C -algebraswith cornuitiplication, counit
andcoinverse,whichprovidequantumdeformationsof theHeisenberggroup.

INTRODUCTION

Deformationsof Lie groupsbasedon noncommutativegeometryhavebeenanobject

of anintensivestudyby mathematicalphysicistsin thepastfew years.As far asanappli-
cationforstudyingquantumsystemsisconcerned,theappropriategeometryis basedon

C5-algebras(cf. pseudospacesof [11]). Forclassicalsystems,the appropriateanon-

commutativegeometry>> is the Poissongeometry,or ratherits globalizedversion: the
geometrybasedon symplecticgroupoids[8, 1, 5, 9] (cf. thecategoryof S*-spacesin
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14]). Correspondingto the <<quantum>>(C’ -) or <<classical>>(Poisson,symplcctic)ap-
proach,we havetwo differentpossibilitiesof deformingLie groups.The first approach

includesthe theoryof compactmatrix pseudogroups[121(in spiteof havingsatisfactory

examples,a generaltheoryof locallycompactmatrix pseudogroupsdoesnot exist yet).

Thesecondapproachis known asthe theoryof PoissonLie groups[3, 6] (in thePoisson

case)andits globalizedversion(i.e. S’-groups or symplccticpscudogroups)hasbeen

describedin [14]. It is knownthatPoissonLie groupsarisein alimit of quantumdefor-

mationsof Lie groups,whenthedeformationparametertendsto thevaluecorrespondig

to theordinary Lie group. This knowledgegivesratherlittle chanceto recoverthequan-

tum deformationfrom its PoissonLie grouplimit. Situationchangessignificantly when

we first passto thesymplccticformulation(i.e. we constructthecorrespondingsymplec-

tic pseudogrouporManin group[14]; this is a kind of integrationprocedure),becausein

this casewe dealwith severalsymplecticrelationswhich, in principle,canbequantized

geometrically.By geometricquanhizationwemeanheresimply aprocedureofreplacing

(the generatingfunctionsof) symplecticrelationsby (integral kernelsof) linearopera-

torsas indicatedfor instancein [10]. Oneshouldhowevernoticehereaweakpoint of this

procedure.It requiresa choiceof a<<natural>>polarizationof theunderlyingsymplectic

manifold (the standardsuccessfuldomain of applicationsof geometricquantizationis

theconstructionof unitaryrepresentationsof Lie groupsfrom their hamiltonianactions

— in this caseinvariantpolarizationsarenatural). Therefore,whetheronecanconstruct

quantumdeformationsof Lie groups from PoissonLie groupsby ageometricquantiza-

tion is now anopenquestion(this would bein fact ageneralizationof the Kirillov’s orbit

method).

In this paperwe showthat the aboveprogram can be carried Out for a i~2n+

1)-parameterfamily of multiplicative Poisson bracketson (2n + 1)-dimensional

Heisenbcrggroup. By thewaywe give acompletelist of multiplicative Poissonbrackets
on theHeisenberggroup. Quantumdeformationsconsideredin thispapercanbc viewed

asawide generalizationof an earlyexampleby Kac andPaljutkin [4]. Forotherrelated

works see[7, 2].

1. LINEAR AND EXPONENTIAL POISSONBRACKETS

A Poissonbi-vector field (Poissonbracket) ir0 on avectorspace V is said to be

linear if ir0: V —s V A V is a linearmap. TheKirillov Poissonbracketon thedual B’

of aLie algebra ~ is linear. EachlinearPoissonbracketis canonicallyof this type.

If (H, ir) is aPoissonLie group, then ir0 = d~7r(the intrinsic derivativeof ir at

theneutralelementof H, see[6]) is a linearPoissonbracketon the Lie algebra ~I of

H (additionallybeinga 1-cocycle). If exp,7r0 = ir (i.e. exp:I~ H is a Poisson
map),then ir is saidto be exponential.
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2. MULTIPLICATIVE POISSONBRACKETS ON THE HEISENBERG GROUP

DEFINITION. A Lie algebra1i is saidto bea HeiscnbcrgLie algebraif dimZ(tj) =

and l~=Z(Ii).
Here 2(h) = {h ~ : [h, hi = 0 for h E ~i} is thecenterof lj and hi’is the

derivedalgcbraof 1i (theimageofthcbracket[.,.] :}~®h1 —411 ).

If l~is a HeiscnbergLie algebra,then u = I~/2(h) is abelian.Let us fix anon-
zerovector Z E 2( 1~). Thenwehave

[h
1,h2]=1~0(a(h1),a(h2))Z for h1,h2Eh,

where a : I~ —s ~x is the canonicalprojection and ~ is a skew-symmetricnon-

degenerate(i.e. symplectic)bilinear form on ~x. The symplecticform ~ defines an
isomorphism

U 3 ~ = ~]~o EU’.

Any choiceof acovector u E
1i’ such that <u, Z >= I providesa splitting

11 keruez(hi),

(1) h=(h—<u,h>Z)+<u,h>Z=~+)sZ for hEll,

in termsof which the Lie bracketis given by

~ + )~
1Z,~2+ ~~2Z1=

for ~ ~2 E ker~ ~ ~2 E R (wehaveidentified keru with n ). It is clearthat
HeisenbergLie algebrasareclassifiedby theirdimension,which canbe anarbitraryodd

naturalnumber,

If II is aHeisenbergLie algebra,thenthecorrespondingconnectedandsimply con-
nectedLie group H is saidto betheHciscnberggroup. WeparametrizeH by ~l using

theexponentialmap. Underthis identificationthe groupmultiplication in H is given
by

h1h2 = h1 + h2 + ~[h1,h2].

PRoPosmoN2.1. EachmultiplicativePoissonbracketon aHeisenberggroupis expo-

nential.

l’his propositionresultsfrom the following <<structuretheorem>>.
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c ii .~I. E:ich multiplicativePoissonbracketon a Heisenbcrggroup H is

f~’,. I~ ‘~‘<< 1il~(<to foinis:

(i 7(IL} = ZAA[(a(h)), ~here MEEndn

(u) = ZA(~A+ M~)+ +(~AA+ 2
0(~,A)Q° , wheic h = ~+ ~Z

l~ fO~r)Jo (1) (ui/Il lived u), A is a non-zeroelementof ker u , ~ is the inverse

yr , i.e. ~ = ~ for ~ E n (onceu is fixed, weidentify keru with a ),

A[ =< Ab,f> [+ f®Ab A®fb + ~A®A~, where f E keru,~iER.

The proofof theproposition is given in Appendix.

In this paperwe studymultiplicative Poissonbracketsof thefirst typeonly

3. SYMPLECTIC PSEUDOGROUPS ASSOCIATED WITH POISSON LIE
HEISENBERG GROUPS

We shall constructManin groups[14] correspondingto PoissonLie groups (H, ir)
where H is a Hcisenbcrggroupand ir is a multiplicativePoissonbracketon H of the
first type,as describedby thepoint (i) of Prop.2.2:

ir(h) = ZAM(a(h))

Thecase M = 0 correspondsto theordinary(non-deformed)Heisenbcrggroup.

First we identify the dual PoissonLie group[6], (H,T)’ = (H’,~r) = (GUI)

On B = 11 * we havea Lie bracketgiven by ~r0

jab] = N(ZJ(aAb)),

where N = M’ E End P, P = 2° a’, a,b E B If we chooseu E B suchthat

<u, Z > 1 , then

[u,pl=Np for pEP,

[PI’P2
1—° for p

1,p2EP.

It follows that (using u) we can identify B with a semidirectproductof abclianLie

algebras,~ ~P ~ , R (with respectto N). The connectedandsimply connectedLie
group C correspondingto B is then identifiedwith P i , R (with respectto theaction

i—+ exp(LN) of R on P). Ii is natural to usethe <<coordinatesof the secondkind>>

on G,i.e.themap exp~:B—sG,givenby

cxp~(p+ tu) = cxp(p) exp(tu)
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ThelinearPoissonbracketon B correspondingto theLie bracketin 11 is given by

hbo(p+tu) = tc~0

It is notdifficult to find the correspondingmultiplicativePoissonbracketon C:

H(p,t) = fl(0,t) = dT.

It follows that fl = (exp~),Fl0if and only if r p->> erM is a one-parametergroup of
symplectictransformationsof a , or, if and only if M is aninfinitesimal symplecto-
morphism. In thiscase,H is saidto be u-exponential (notethat the u -exponentiality

of fl does not dependon u). For simplicity, we considerin the sequelonly this

case.An explicit constructionof the Manin group(seebelow)is possibleand maybe
interestingalso in a generalcase. For instance,if we take M = . id, we obtain

fl(p,t) = (f~e
2~~dr)~

0= ~(e
2~ —-

Restrictingourselvesto the u -exponentialcase,wehave(in termsofthecoordinates
of the secondkind)

FI(p,t) = tR)

Accordingto [6], the group H ~ C correspondingto theLie algebra11 B of the
Manin triple (associatedwith (H, ir) ) canbeconstructedfrom the leftdressingaction

of C on H and the right dressingactionof H on C. In orderto find theseactions,

one hasto find first their generators,i.e. left dressingfieldson H and right dressing

fieldson C.
An elementarycalculationshowsthattheleftdressingfield on H , correspondingto

(p
0,t0) EB ,isgivenby

(~) ‘< Po + ~-t0eb,Me> Z —t0M~,

and theright dressingfield on C, correspondingto (~A0) E lj , is given by

(p,t) —÷ tet~<1~

(Attention: weuse the terminologyoppositeto that in [6]; we call left dressingfields

thoseobtained from the right-invariant1-forms,i.e. thosecomingfrom thefundamental
fields of the left translations). By integratingweobtain thecorrespondingleft andright
actions:

= (e_tM~,A+ ~ ~ > + <p,Me_tM~>)

(p,t)~’~= (p+ te’~”~~,t),
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fields of the left translations).By integratingwe obtain thecorrespondingleft andright

actions:

= (e~tM~,A+~ <~bMe> + <p,Me tn(~>)

(p,t)~’~ = (p+ tet~~~,t),

and thegroupmultiplication in H ~ C (asa manifold H ~ C is identified with
HxC):

(~,A; p, t)(~’,A’; p’, t’) =

((c, A) . (Pt)(~’, A’); (p t)~”5’~(p’, t’)) =

(2) = + ~ A + A’ + ~ ~ M~’> + <p Me_tM~<> +

+ ~ ~ >;p+ etNpf + t +

It is clearthat (H c~C; H,C) is aManin group[14] (with the invariantscalarproduct

comingfrom that onein thecorrespondingManin triple). Therefore,accordingto [14],

H ~ C carriesthe structureof a S’-group. In orderto find thesymplecticform w on

H ~ C we first calculatethe canonicalbi-vector field

~-(xfl
0+ fl0x),

where x = (~, A; p,t) E H ~ C and H0 is the canonicalbi-vectorat theneutral

element aE H c< C, given by

a a a a
H0 = ~— A + A

where (e’~)k~,1~and (Pk)k.t ,,, n= dimP ,aremutually dual systemsof coordi-

natesin a and P.
Usingformulaefor theleftandright translationsof vectors,implied by (2), weobtain:

fl~(x)= ~—A~+ (~+NP_M~+ A~+tc~0,

whereNp,~ ET~P~ P. M<~~T~a a , f~E PAP. Takingtheinverseof

thebi-vectorgivesthesymplecticform

w(x) = dpk A d~+ dt A (dA — Np — + 1N~— ieb) —
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in theterminologyof [141.Wedenotethe S’-algebrahaving C as the setof unitsby

(H ~i G,m,e,s). Insteadof thesecondS*~algebra, that with H as theset of units,
it is convenientto considerthecorrespondingS*~space(obtainedby transposition,see
theendof Sect. 4 in [14]) which we denoteby (H to C, d, c,r) = D. Accordingto
[14] (D, m) is a S*~group.This S’-group shouldbe consideredas a deformation

of the Heisenberggroup in the world of S’-group’s, with M being the deformation
parameter.With M *,i? 0 , it is no longeran ordinarygroupbecauseits S’-spaceis not
justordinary(co-commutative)space.

4. THE QUANTIZATION

Our aim is to quantizethesymplecticrelationsd, c, m, e andthe anti-symplectic
relations T, 3, which constituethestructureof a S*~group,i.e. to associatewith them

certainlinear(or, anti-linear)operators.
To this endone shouldbe able to distinguishapolarization(or, polarizations)of the

symplecticmanifold H t’t C, somehowintrinsically determinedby the structureof
the S-group. We do nothavea generalprocedureas yet. In this paperwe presenta

solutionofthis problemin thecaseof S’ -groupsdescribedin theprecedingsection.The
quantizationproceduredescribedbelow has a justificationa posteriori,which consists

in checkingby directcomputations,that theresultingoperatorssatisfythe samegeneral
algebraicaxiomsas do theclassicalrelations.

In thesequelwe shall find two structuresof acotangentbundlein H r~oC suchthat

d, c, r areeasytohandlewithinthe firstoneand m, e, a areeasytohandlewith
in thesecondone.

We recall that log = exp’: H —~ h~ is a Poissondiffeomorphism. Now, H is

theunit of the S’-space(H r’o C, d, c,r) and 11 = B * is the unit of the symplectic

group algebra([14], Sect. 4) PC of C hencealso the unit of the S’-space (PC)t

(t is the symplecticconjugation: the transpositionof relationsand reversingthe sign
of symplecticforms of objects). Hence([14], Prop. 6.4), thePoissondiffeomorphism

definesuniquelyan isomorphismof S’-spaces

F:H~C~4(PC)t

and endowesH ~oC with a structureof a cotangentbundlesuch that d, c become
phaselifts (r becomesan anti-phaselift) of <<configurationalrelations>>which aretrans-

poseto themultiplication, theunit andthe inversein C. Therefore(in this polarization)
the quantizationof d, c and r is rathereasy: it consistsin introducing somedelta-
functionswhich replacetheclassical<<configurationalrelations>>.

Now we calculateF. We usea naturalparametrizationof (PC)t by B X

(impliedby the precedingparametrizationof C by g ). Theleft projectionon g * in



I. SZYMCZAK, S.L.AKRZEWSKI

PG is ~ve~iby

~ A’; p’, t’) = (c’, A’÷<e, Np’>)

and thesymplecticform is given asfollo~s:

w’ = dp~A ~‘k + dt’ A dA’

(let ~Ik and p~be the samesystemsof coordinatesas before). Accordingto [14], ~.<e

graphof F is the unionof thosecharacteristicsof

K
1 ={((~‘,A’;p’,t’),(~,A;p,t))

h~(~’,A’; p’, t’) h1(~,A; p,t) },

whichpassthrough1= {((e,A;0,0),(e,A;0,0)) : (~,A)Eh }. Here hL(~,A;p,t)

= (~, A) is the left projectionon H in H r~oC (sinceweuseon H the log-coordinates,
~log’~looks like an identity).

Thisproblemof characteristicshas the following solution:

(c’, A’; p’,t’) = F(~,A; p, t) =

(3) / 1 t
<Np,~>+~- <te,NE~>;p—

We obtainthereforea polarizationof H cx~C by fixing p’ and 1’. There is also a

secondpolarization,theoneobtainedby fixing ~‘ and A’. We shall show that it also

arisesfrom certainisomorphismof S’-algebras.

In fact, the right projectionon = g in PH (the symplecticgroup algebraof

H) is given by

, t ~‘
= ~p + ,t

Now we canseethat F definedin (3) canalsobe viewedas a map from H ~i C to
PH , whosegraphis thesolutionof the following problemof characteristics:

K~={((~’,A’;p’,t’),(~,A;p,t))

g~(~’,A’; p’, t’) = gR(~,A; p, t) }
I’ = {((0,0;p,t),(0,0;p,t)) : (p,l) E C ~ B }.

Herewe haveusedthe identification log~= (exp~)1: C —* . It follows that, viewed
in this way, F is an isomorphismfrom the S’-algebra (H r*i C, m,e,s) to the sym-
plecticgroup algebraPH of H , since log0 is a Poissondiffeomorphism.
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Therefore,using F , weendup with a trivial symplecticmanifold (the productof a

vectorspaceH ~ l~by its dual 11 * = s ~ C) and acollectionof relations d, c,
r, m, e, .s suchthat d, c, r arephaselifts in the<<horizontal>> polarizationand m,

e, a are phaselifts in the <<vertical>> one. We canquantized, c, r in the<<horizontal>>

polarization,m, e, s in the <<vertical>>oneandthenput everythingrelativeto oneof
thesepolarizationsusingtheFouriertransform.

Supposeweusethe <<vertical>>polarizationsothat we are goingto work with<<wave
functions>>on H. We shall denotethe quantumoperatorscorrespondingto d, c, r,

m, e, a usingthe correspondingGreekletters: 6, ‘y, p, ~, e, a. Whatare the
spacestheseoperatorsacton?

Oneapproach,rathertypical forgeometricquantization,is relatedto Hilbert spaces,

or <<rigged Hubertspaces>>(Gelfand triples). In our casewe shall use the following
Gelfandtriple:

V~(lj) c L2(ll) C D~(tj)~

where L2(h) is the spaceof (classesof) square-integrablecomplex i--densities on
11 V~.(h) is a subspacein L2(b) containingall its smoothelementswith compact
supportsand V~(Ij)~is theanti-dual of V~(Ij) (the spaceof anti-linearcontinu-

ousfunctionalson V~(11)). What is thenthe geometricquantizationof m? It is an
operatorj~:Vi(~ x 11) —‘Vi(11y ,whosekemelisgivenby

p(h
3h~,h2)=

6D(’~3 — h
1h2)

where
6D is theDirac delta function,and we haveidentified generalizedhalf-densities

with generalizedfunctionsusinga fixed Haarmeasureon H (= Lebesguemeasureon

11 ). Thus, we havea free choiceof a positivefactor when defining ~. Once this

factor is chosen,the quantizationof e is unique: e(h) = 6D(h) . The quantization
of a doesnot dependon the factor, becausea is a diffeomorphism(and ai~( h’) =

fa(h’; h)i,b(h) dh, where a(h’; h) = 6D(h’ + h)). The factor,or the correspond-
ing Lebesguemeasureon 11 determinesa Lebesguemeasureon B henceit deter-

minesthe quantizationof d, c (r is quantizeduniquelyanyway). Usingthe Fourier
transform,it gives operators 8: V~(ll) —* V~(h x 11 )~. ‘rny: V~(h) —p (E and

p:V+(h) -~ V+(l~). Onecanthen checkby direct computationsthat 6, -y, p.

~.s,c, a satisfythe sameaxiomsas d, c, r, m, e, a (equations(1), (2), etc. and
(19)-(27)of [13]). Not all compositionsare defineda priori, but it turns out that they
arenaturallydefinedin eachcasethat isneeded.Thesituationresemblesverymuchthe

troubleswehavein symplectic<<category>>,wherethecompositionisnotalwaysdefined.

On canhopethat if theclassicalcompositionistransverse[14] thenthe compositionof
thecorrespondingquantumoperatorsis alsodefined.
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The aboveapproachusesvery fundamentallevel — thelevel of linearmapsof filbert

(posssiblygeneralized)spacesand correspondsto the level of symplecticrelationsin
theclassicalcase(cf. unionKac algebrasin [13]). Its main feature is the possibility

of an immediateinterchangingthe role of the spacestructure(6 , -y , p) andthealgebra

structure(p , , a).

Anotherapproachto the quantizationof symplecticpscudogroupsconsistsin work-
ing directly with high-levelstructureslike C’-algebrasand their morphisms(this cor-

respondsto a non-symmetricapproachto the whole structure,cf. the definition of

U’-groups in [13]). Thesestructuresarc alsocontainedin the previousapproach.For
instance, p and a defineon V1(11) the structureof a *algebra,which, completed

in the standardway, leadsto the C*(H)~thegroup C-algcbra of H. However, if
we do not like half-densitiesand worry aboutchoosingan arbitrary measure,we can

proceedmore directly: quantizingthe symplecticalgebras(spaces),notsymplecticre-
lations. Since (H ~ C, rn e, .s) has beenidentified with the symplecticgroup alge-

bra PH , the quantizationof this S’-algebra (in <<vertical polarization>>)is identified
with M = C *( H) , or a suitabledense*algcbraof it, like thespaceof smooth,com-
pactlysupportedmeasureson , which we shall denoteby V1(~1). If we work with

V1 (Ii) insteadof M , we cantreat themultiplication in thealgebraas anoperatorfrom
D1(11 xli) to V1(11) ,withakernelp(h3h1,h2) which isnolongerahalf-density

but anotherfield of geometricobjects,and this time p is unique(in factonecan— and
perhapsshould— work out also anapproachto thequantizationof symplectic relations
whichproduceskernelswhosegeometricnaturedependson thenatureof theunderlying

relations).In orderto quantizetheremainingrelationswe noticethat the quantizationof

d (in the <<horizontalpolarization>>)is definedunambigously,whenconsideredas a map
from functionson B to functionson B X B (pullbackof functionsby thegroupmul-
tiplication in C). Therefore,it is easyto obtain(by the Fourier transform of densities)
a formula for 6 asan operatorfrom V1(li) to D1(l1 x ~i)~

= dtelt ~s2)6D(e2 _etA(ei)~(~i,A2)

for ~ E V1 (~1)(in anotherpaperwe shall give detailsof how this map is relatedto a

morphismof C’-algebras).Similarly, we obtain ‘y~1t= f~ and

p~(~,A)= ~ f dA’dt e*t_~’~(etM~,Al).

One can hesitatenow, whether we work with deformationsof the Heisenberggroup or
with theirduals.Thepoint is that in thestandardapproachthespacestructureis consid-

eredasmorebasic(becauseit is a <<geometry>>)thanthe <<group multiplication>>. This
attitudeforcesto usethecontravariantlanguage,since C’-algebrasappearto beuseful
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in describingbasicstructures.Theuseof acovariantlanguagewould mean that the basic
structureof apseudogroupis its groupmultiplication (describedby a C*~algebra)and

thenthereis a <<space>>behindit, describedby 6, ‘~, p as in exampleabove.
Let usend this sectionby obtainingsomeexplicit formulae,usingthecontravariant

language. Let V be the spaceof smoothcompactlysupportedfunctionson H. Us-
ing the Fourier transformand the quantizationof the relationtransposeto d, i.e. the
convolutionon C, we obtainthefollowing structureof analgebrain V:

(f . g)(~, A) = ~ fdA’ dt eit(~_~’)f(~,~F)g(etM~, A).

Thestaroperationcomingfrom r is givenby

= ~—fdA’dte%t_~’)J(e~M~,Ao)

andthe unit (which is not containedin the algebra)obtainedfrom c is givenby

I(~,A)= 1

Formulaefor comultiplication,counit andco-star(comingfrom rn, e, a)arethe same

as in the non-deformedcase(the groupmultiplication <<hasnot beenchanged>>):

= f ~+ ~,A1 + A2 + ~o(~t~~2))

r*( f) = f( 0) (* denotesthe hermitianconjugation)

=

S. APPENDIX: PROOF OF THEOREM 2.2

1-cocycleson li with valuesin
1i A li with respectto the adjointrepresentation

(ad®I+ IØad) arelinearmaps‘-y:li —p li Ali suchthat

‘~y([X,Y]) =(adx ®I)’y(Y) + (I®ad~)~(Y)—

—(ad.,,®I)-y(X)—(I®ac~.)y(X)

Fora Heisenbergalgebra,adx = Z ® X~,hencethecondition for to be acocycleis
thefollowing

ir
0(X,Y) .y(Z) = ZA(Xb[y(Y) _Yb[~.y(X)),
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hencethereexists A E a suchthat

= ZAA

and

X~y(Y)— Yb[(X) — ir0(X,Y)A E 2 = 2(li)

We identify a with keru. Usingthedecompositions

X ~+ AZ= (~,A)

Y=~+ziZ=(i~,v)

wecanwrite the cocycleconditionas follows

X~[(vZAA+))_YbL(AZAA+y(e))_1ro(e,~)A E2

hence

~ EZ.

For ~ E a , wehave the following form of ‘y(~)

‘i(~) ZAM(~)+cb(~)

where M E Enda and ci~)E a A a , hencethe cocycleconditionis equivalentto

(4) L~(~) — ~ibL~~(O =

LEMMA 5.1. A generalsolutionof theaboveequationfor ~ isgivenby thefollowing
formula:

= ~AA+ 0(~,A)~°.

Proof For p E a~, let f~:a —* a bea map definedby f~(e)= ~(OJp. Now
wecanwrite (4) asfollows

+ 7~0(f~e,71) = ~ <p,A>,
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hence

Wehavetherefore(f~— <p A> I) E ap(a). It follows that themaps

‘~. (~)jp— <p,A > ~)

[~)A—~) — I
arc infinitesimal symplectomorphisms.Thelastmapcanbe written as follows

[(~®A—~)+

It is easyto showthe following fact: if F: a * —>> a is a linearmap,then

F . b E ap(a) .4zy. F is symmetric.

Using this factweobtainthat

~®A— ~) +

is a symmetrictensor,and this provesthe lemma.
FromLemma5.1. it follows that any 1-cocycleonli withvaluesin l~Ali has the

following form

y(X) = y(~+AZ) ZA(AA+ M(~))÷

Thedecomposition1i = a ~ 2 implies a decompositionof thedualspace~ = * =

T~P,whereT = a °, P = 2° ,whereu E T. Wecanusethefollowingparametriza-
lion of B

R x P ~ (t,p) ‘-4 tu + p E B

Now weshallfind themapdual to -~. We have

< -y*((f p) , (a,q)) , ~+ AZ >< ((t,p) , (a,q)) , ‘y(e + AZ) >=

= A(t <q,A> —s < pA>) + t < q, M(~)> —s< p,M(~) > +

+ ~(< p,~>< q,A> — < q,~>< p,A >)+

+
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hence

-y*((tp)(sq)) = (< tq — sp,A>,tNq — aNp—

— ~-Aj(pAq) — I~O(pq)A~)

where NEEndP isthemapdualtoM.
It is easyto check(onecan use [6], Prop. 3.9), that ‘f definesa Lie bracketif and

only if

irO(p,q)NAb=

=< Np,A > q— <Nq,A > p+ (ir°(Np,q)+

+ lrO(p,Nq))Ab+ 2 <q,A> Np —2 <p,A> Nq

for p q E P.
Of course, for A = 0 wecantakean arbitrary N. In the sequelwe assumethat

A ~10 . Since the abovecondition is linear andantisymmetric,it is sufficient to fulfil

this condition for <p,A > 1, < q,A >= 0.

LEMMA 5.2. Theaboveconditionis satisfiedfor <p,A >= I and q = A~if andonly

ifMA=kA and NA~’=kA~’foraccrtainnumbcrk.

Proof For p and q asin the lemma,we obtainthe followig condition

3NA~= [2 <Np,A > +~O(p,NA~)]Ab_<NAb,A > p.

It follows that thereexist numbersa, b suchthat NA~= aA~+ bp and the condition
is fulfilled if andonly if

3aAb~4~3bp~r[2<Np,A>+a]A~—bp.

This condition is equivalentto thefollowing one

NA~=<NpA>Ab for <p,A>=l.

Since <Np,A >=< p,NA> mustbethesamefor all p (suchthat <p,A >= 1),

then

<q,A>=0 =+<q,MA>°0

and it follows that thereexistsa numberk suchthat MA = kA.
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From Lemma5.2 it follows that ‘f is a Lie bracketif andonly if thereexists a

numberk suchthat

~rO(p,q)kAb= kq+ (ir°(Np,q)+ irO(p,Nq))Ab — 2Nq

or,

Nq = ~q+ i[~O(Np q) + 7r°(p,Nq)— klrO(p,q)]Ab

for p and q suchthat< p,A >= 1, < q,A >= 0. Itfollows that Nq= ~q+ cAb
for some c E R, hence

k ~ k
Nq~-q+ir (Np—~-p,q)A

The right hand sideof the aboveequalitydeosnot dependon p (provided <p, A >=

1),because

=~ Npl_~p~~IAb.

Let us fix p suchthat < p,A >= I . The choiceof a map N satisfyingthe above

requirementsis equivalentto achoiceof anarbitrary z E P as Np. Then N is given

by

Np = z

k =< z,A>

Nq = ~-q+ 7r0(z — ~p,q)Ab for <q,A > 0

Conversely,if N is given,thenwe recoverz from z = NP.
It follows thatfor q suchthat <q, A >= 0 the generalform of Nq is thefollowing

Nq~q+<q,f>Ab,

where fEn,<z,f>=1(z_~p,x).SincekAb=NAb=~Ab+<At~,f>Ab,

we have<A~’,f>= ~ and

Nq=<Ab,f>q+<q,f>A~ for <q,A>=0.

This suggeststhat the set of operatorsN we look for, canbeparametrizedby f.

Wecanthereforetry to find solutionsof the following form (whichdependslinearly on
f):

Ni < Ab,f> 1+ <z,f> Ab+ 1< x,A > fb,
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where I is aconstant.Substitutingsuccesivelyx = p. = A~we obtain

k =< Np,A >=< A~,f>+1< fbA>

kA~ NAb =< Ab,f> ~ <Ab,f> Ab,

hence I = — 1 . We havetherefore

Ni =< Ab,f> i+ <x,f > Ab~<z,A> ~,

or

N=<Ab,f>I+Ab®f_fb®A.

Let us note thatthesearenot all solutions.As we know, thedimensionof the space

of solutionsis equalto dim P , whereasfor f = A weobtain N = 0 . It turnsout that
for N givenby f as above,z = Np is not arbitrary,namely

ir°(Np,p)= ir°(<p,f> Ab,p) O(< p,A > fb,~)= 0

Thisconditionisnotsatisfiedby z = Ab. Let us seewhat N is definedby such z. We
have

Np= Ab = z

k =< Ab,A >= 0

Nq=(z,q)Ab=irO(Ab,q)Ab=0

hence

Ni =< x,A > Ab.

Concluding,thegeneralsolution for N hasthe following form

N=<Ab,f>I+Ab®f_fb®A+pAb®A.

A straightforwardcalculationshowsthatthelinearPoissonbracketon li givenby such

N is multiplicativeunderthemultiplication in the Heisenberggroup. •
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